Chapter 3 — The Yee’'s Finite-Difference Time-Domain (FDD) Scheme for

Maxwell’'s Equations

3.1 Introduction

In this chapter a brief introduction of the procedure for applyimtetdifference time-
domain (FDTD) method to time-domain Maxwell equations is shown. ifgjadly the
Yee’s FDTD formulation will be illustrated. In this chaptiee tYyee FDTD scheme will
be restricted to a model with linear, non-dispersive and non-magdiediectric.
Various considerations such as numerical dispersion, stability eofrnibdel and
terminating the model with absorbing boundary condition (ABC) will beudised.
Extension of the Yee FDTD scheme to a general printed citoodrd (PCB)
environment will be discussed in Chapter 4. A FDTD software toemght all the
algorithms in Chapter 3 and 4 will be shown in Chapter 5 and a moreabstadaility

theorem will be presented in Chapter 6.

3.2 Maxwell’'s Equations and Initial Value Problem

Consider the general Maxwell’s equations in time domain includiagnetic current

density M and magnetic charge densiby, (Balanis 1989):

OxE=-M -4B (3.2.1a)
OxH=J+2D (3.2.1b)
0D = p, (3.2.1c)
OB=p, (3.2.1d)

M and p,, are equivalent sources since no magnetic monopole has been distovered

the best of the author’'s knowledge. The other parameters for (3.2.2d)d] are listed
as follows:

E - Electric field intensity

I,

- Magnetic field intensity

(W]}

- Electric flux density
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B - Magnetic flux density

p. - Electric charge density

J - Electric current density

Usually we will just callE the electric field andH the magnetic field. In (3.2.1a)-

(3.2.1d), if the media is linear, we could introduce additional constitutive relations:
D=¢*E (3.2.2a)
B=u*H (3.2.2b)

where * ’ indicates convolution operation in time (Balanis 1989). We would ysuall
call £ the permittivity andu the permeability of the media; both parameters are function
of frequencyw For a dispersionless mediua{w)=¢ and u(w)=u, (3.2.2a)-(3.2.2b)
reduce to the form:

D=¢E (3.2.3a)

B=H (3.2.3b)

From the Maxwell's equations, continuity relations for elecamd magnetic current

density can be derived. For instance from (3.2.1a):

odoxg)=-oM -0d2 8)=0

=2 [0B)=-00v =2 py,

OM=-2p, (3.2.4a)

Note that the vector identity (1 x A=0 is used. Similarly from (3.2.1b):
I 0 =\

odox8)=0m+0d2 6)=0

- 2[0m)=-0T=2p,

O0=-2p, (3.2.4b)

Notice that in (3.2.1a)-(3.2.1d), only the curl equations (3.2.1afEfa@nd (3.2.1b) for

H determine how the fields will change over time. This providesia ttlat perhaps

only these two equations are all that is needed to formulate B BEieme. To obtain

24



a unique solution for the E and H fields of a system described byld3.(3.2.1d),
additional information in the form of initial conditions and boundary condit{drite
domain is bounded) is required. First assuming an unbounded domain, then (3.2.1a)-
(3.2.1d) together with the initial conditions for all the field componamd sources

(J,M, pe, o ) cONstitute the initial value problem (IVP) for Maxwell’s equations.

For simplicity suppose the model is a three-dimensional (3D) &3Bmbly

with linear, isotropic, non-dispersive dielectrics, and there is ngnete charge and
magnetic current §,, =0,M =0). Also assume that initially all field components and

sources are 0. Thus the following equations describe the IVP for the model:

OxE=-2B (3.2.5a)
OxH=J+%D (3.2.5b)
0D = pe (3.2.5¢)
OmB=0 (3.2.5d)

E(x,y. z,t)‘t:O =H(x,y, z,t)‘t:O =J(x,y, z,t)‘t:o =0 and pe(x,y,zt},_, =0 (3.2.5€)

for all (x,y,z)OR® andt>0. From (3.2.4b):
Pe(X. Y, z,t):—_gD D(x,y,z7)dr +C;
where C; is a constant. Usinge(x, y,zt),_, =0 and J(xy,zt) , =0 we see that

t=
C,=0. Thus:

Pe(X, Y, z,t)=—ED [0(x,y,z7)dr (3.2.6)
From (3.2.5a):

0foxE)=-0d2B)=0= 2(0m)=0

Using the initial condition (3.2.5e)] [E‘t:o =y H o =0, this implies that:
als:

o =0 [E\tzo =0
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Therefore the divergence equation #ris implicit in (3.2.5a). In other words (3.2.5d)
can be obtained from (3.2.5a) provided initial conditions (3.2.5e) applies. Now
consider (3.2.5b):

0foxA)=00+0420)=0= -00=2 ([0 o)

0D =-[0Ddr+c,

Using the initial condition (3.2.5e)] DSLZO = &0 Dé‘t=0 =0, this implies thatC, =0.
Hence from (3.2.6):

DEf):—EDDjdraoe

Again this shows that divergence equation foiis implicit in (3.2.5b) provided initial

conditions (3.2.5e) applies. From this argument, we see that the dieergguations
(3.2.5¢) and (3.2.5d) are redundant, thus the IVP of (3.2.5a)-(3.2.5e) can be reduced to:

OxE=-98 (3.2.7a)

OxH=J+2D (3.2.7b)

E(x, v, z,t)‘t=0 =H(x,y, z,t)‘t=0 =J(xy, z,t)‘t:0 =0, pe(x Y, z,t)|t:0 =0 (3.2.7¢)
In general this is also true when the dielectric is d@perand nonlinear, as long as the

initial conditions for magnetic and electric flux densities fulfi Eﬁ‘t—o =0 D§‘t—o =0.

This can also be extended to the case when magnetic curreny dénsihd magnetic

charge density,, are present.

3.3 Yee’s FDTD Formulation
Equations (3.2.7a)-(3.2.7c) form the basis of Yee’'s FDTD scheme 198®). There
are a number of finite-difference schemes for Maxweljsations, but the Yee scheme

persists as it is very robust and versatile (Taflove 1995). Algvior conduction

electric current density = of , (3.2.7a)-(3.2.7b) can be written as:

[<3) =2
'-*|ITI¢

=lOxH-2E
£

™ |Q
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|

oH — =
at OxE

1
7]
Under Cartesian coordinate system, these can be further expanded as:

%?%@—Ej—%j (3.3.1a)
a:—ty?%(fg _aaixj (3.3.1b)
o, =_%("’%_ "aEyj (3.3.1c)
o, :%[ag'yz _ag'_zv_gng (3.3.1d)
ENERE. o219
L'Etzz%(":_xv_ ", —aEzj (3.3.1f)

Let us introduce the notation:
Exi.j k) = Ex(i8x jdy, koz,nat) (3.3.2)
and so on folEy,E,,H,,H, andH, components. In Yee’s scheme, the model is first

divided into many small cubes. For simplicity the cubes anenass to be same size.
The edges of each cube will form the three-dimensional spate fhie Yee’'s scheme
can be generalized to variable cube size and non-orthogonallgfldve 1995). The
position of the E and H field components in the space grid is shown in Figure 3.1.
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Cube(i,j,k .
(i,j,k+1) |u e(llk) (i,j+1,k+1)

AX

(i+1,j,k+1
/g Bol,iked) / Az
—) H, j+1k+d)

]
H y(i+1,j ,k+%)
[}

V4 ..
[y S— R o SRR A/l
( J) Eyi.i+Lk)
1 C (i,j+1.k)
y 4 H
X P (i +%,j,k) 2(i +%,j+%,k)
(i+1,j,k) (i+1,j+1,k)

Ay

Figure 3.1 — Discretization of the model into cubes and the position of field
components on the grid.

The cube in Figure 3.1 is usually called the Yee Cell. Frayur€ 3.1, it is
observed that each E field component is surrounded by four H field component
similarly each H field component is surrounded by four E field compsr(# the field
components on adjacent cubes are taken into account). For examplemiienent

H

is surrounded bye and E

X(,j+3.k+3) 2(i,j,k+3) Ez(i,j+],k+%)’ Ey(i,j+%,k) y(i,j+5k+1)"
The inspiration for choosing this arrangement stems from tHeequations (3.2.7a)-
(3.2.7b). As an example converting (3.2.7a) into integral form afierg Stokes
Theorem:

qémrz—%”émg
C S

This equation states that a changing magnetic flux will g¢@e circular electric field
surrounding the ‘flux tube’. Similarly the integral form of (3.2.7b)adsates that a

changing electric flux and an electric current will geteera circular magnetic field
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surrounding the ‘flux tube’. Using the center difference operator to replacenthanid

space derivatives at time-stepand space lattice poin@Ax, (j +%)Ay, (k+%)Az) on

(3.3.1a):
1/ EgnN -EN
i i+l 1 ioigd 1
At X(i, j+3.k+3) X(,j+3.k+3) U 1 en en
AZ| Ty(i,j+1k+D) y(i,j+2.k)
E" -E" EN -g"
n+3 :Hn—% At 2.3+ D) 2k D) Ty Ykl (3.3.30)
X(,j+gk+3)  x(jrgkeg) K By Az

Repeating this procedure for (3.3.1d) at time-step% and space lattice point
((| +%)Ax, Ay, kAz):
1| en+l _EN -1 n+3 g™
A{ “x(i+5,5 k) x(i+3,0.k) ) &Y z(i+5,j+5.K) 2(i+1,j-1.k)
_1 n+3 L 1M

&z\ " y(i+3,j k+3) y(i+3,jk=3) ) € x(i+3,jk)

1

Substituting EQ(T Z‘J K) with the average between time-steandn+1:
1| en+l —gn -1 n+% -H n+%
At Tx(i+d k) (LK) )&y z(i+l,j+1k) 2(i+3,j-1.k)
_ay™2 L _1 n+1 n

sAZ(H y(i+1,j k+3) H y(i+3,jk-1) sa% Ex(i+%,j,k) * Ex(i+%,j,k)
After some algebraic manipulation, we obtained:

fo/A\
E n+l — 1_7; E n+l
X(i+5,0.k) | HE ) Tx(+3,].K)

1 1 1 1
"2 4" "2 "2 (3.3.3b)
At H 1,1 H 1.1 H 14l H 1,1
s Z(|+§vJ+§:k) Z(I+§,J—§,k) _ Y(|+§vlvk+§) Y(H'EvJ:k‘E)
12t Ay Az
&

By the same token, the update equations for the other field components can be derived:
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gN = gN —EN
1 1 x(i+%,j,k+1) x(|+ S z(i+1j,k+%) z(i,j,k+%)

n+3 n-1
=H ?2 -4t 3.3.3c
y(l+1 pk+dy Ty(+ljk+d) 4 4z Ax ( )
EN —E" = —E"
n+% _ n—% At y(i+]_,j+%,k) y(i,j+%,k) _ x(|+ Lj+1k) x(|+ .0K) (3.3.3d)
245,430 2i+gitzk) A Ax By o
@
n+l —_ 2¢c n+1
yii,i+ik) 1+"m y(l j+3:K)
1 1 1
H'2 "2 12 (3.3.3¢)
X(IJ+ k+1) x(l,j+%,k—%) 2i+5, 0420 2i-5.+5K)
1+0At - AX
n+1
z(G,j, k+1) 1+‘Jm z(| j k+3)
1 1 1
+2 H'2 y"2 (3.3.3f)
Agt y(|+ jk+1) y(|— kel 2 x(i,j+%,k+%) x(i,j—%,k%)
1+2L Ax Ay
£

Examination of (3.3.3a)-(3.3.3f) shows that all the field component®ralhe
locations accounted for by the space grid of Figure 3.1. Equations (338)) are
explicit in nature, thus computer implementation does not require soliang
determinant or inverse of a large matrix. To facilitate ithplementation in digital
computer, the indexes of the field components are renamed as shoignra ¥2, so
that all the indexes become integers. This allows the valuacbffeeld component to
be stored in a three-dimensional array in the software, with the array irtexespond
to the spatial indexes of Figure 3.2. In the figure additionlal iemponents are drawn

to improve the clarity of the convention.
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Figure 3.2— Renaming the indexes of E
(1,),k).

Exik /

|
|
|
|
e ———— -

Hxdig

Eyaik

Hz(i,i,k) Ex(i,j+1,k)

LK)

and H field components corresponding to Cube

Using the new spatial indexes for field components as in Fig2e(3.3.3a)-

(3.3.3f) become:

1 _1 - —
™2 g _atf BB - Byaikn “Eyiin (3.3.4)
X(i, ] K) x(i,j.K)  u Dy Az e
1 _1 - —
H™2 ™2 _a Ex.j ks ~ExG.ik _ Ezi+jk~Ezijk (3.3.4b)
y(i.].k) y(.i.k) Az Ax o
1 _1 - —
™2 "t Besin i - Bk Bk (3.3.4¢)
z(i,] k) z(i,j.k)  u Ax Ay -
1 1 pl el
_oht At 2 2 2 — 2
el 1% en L | HaadoHzaT-u0 - Hydlao THyaen (3.3.4d)
X(Ivjrk) 1+@ X(Irjvk) l+@ Ay Az T
2¢& 2¢
1 1 1 1
_ant At "™y g™ DT
el [ Yo jen L % BxidoTxeicy _ Haain Mzt (3.3.4€)
y(i,j.k) 1+ y(i.j.k) 1+t Az Ax "~
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n+l n+l n+l n+d

— it At 2 —H. 2 2 —H..2
entl (1% den L Y | MyainyeEin _ Pxain M- (3.3.4f)
20,0 T\ et 720,10 T ppal X By o
£ £

Equations (3.3.4a)-(3.3.4f) form the basis of computer implementatioee$ Y
FDTD scheme for IVP of Maxwell's equations. Since (3.3.4a)-(3.3dMpute the
new field components from the field components at previous time-steps,dfeations

are frequently called update equations. Notice that in the ieqsathe temporal

location of the E and H field components differs by half time-(s%m). In a typical

simulation flow, one would determine the new H field componenh$+a§ from the

previous field components using (3.3.4a)-(3.3.4c). Then the new E dieidonents at
n+1 will be calculated using (3.3.4d)-(3.3.4f). The process is thentszpbas many
times as required until the last time-step is reached. Beazuthis, the scheme is
sometimes called leapfrog scheme in some literatures. dé@tagls of implementation

will be shown in Section 3.6. To show that the divergence equations (3ahéc)

(3.2.5d) are implicit in (3.3.4a)-(3.3.4f), considg(EQ(’i”lj,k) - E)r(‘(ﬁljlk)). Assumingg,

M ando are homogeneous and using (3.3.4d), this can be written as:

alt
1 |entl _phtl )_ 1‘7 ( n = ) 1
Ax (Ex(i, ik " Exi-1ik ‘{_Hz;{t) Exi.ik ~Ex.j-1k /ax

1 1 1 1
a | g™ —ani_ 2 —y™2 ~
£ 2(i,),k) " z(i,j-1k) _ " y(L k) " Ty(@L ik |1 (3 3 5a)
1490t Ay Az AX T
2¢€
1 1 1 1
At ™2 g2 ™2 _u™2
_ e Hafin Mt - Hyesin Py |1
1+% Ay Az AX

Similar terms can be written fox Bnd E field components.
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L(Enﬂ. En*fl. ): % (En. . _En. . )A
Ay \7y(i,j k) y(i,j-1k) 1+t y(i,i.k) y(i,i-1k) /ay
1 1 1 1
At DR "™ "2
e | PxidoPxady - Haado M0 | 1 (3.3.5h)
1+% Az AX Ay e
4
! ! ! ned
_ e Madan iy _ HadanHaiom | 1
1+% Az Ax Ay
vy
1( n+l n+1 ) -5 ( n n )1
—= it it =| _2¢ . - . 1
8z \F2(iib ~ Bk /7| e |20 T B2k /a2
2
1 1 1 1
At ™2 ™2 ™2 ™2
e | MyadnMyatik - HxadoHxain |1 (3.3.50)
1+% JAVY Ay JAv4 e
o
1 1 1 1
At n+= 5 n+= L
_ e Moy yitiien _ Pxidien iy | 1
1+% AX Ay Az
o
Summing up (3.3.5a)-(3.3.5¢), the following equation is obtained.
EXi 0 ~EXi-1i40 , BV ~Eyhi-w |, Eaiio ~Eajik-y
AX Ay Az ( )
3.3.6
foA\
_[ % | Braio Bt 4 B Ei1 |, Bk "Bk
1+% Ax Ay Az
2
ay . agp . mgs 0 _ O _ O _ . e
From (3.3.6), it is observed that if |n|t|aIEX(i’j’k) = Ey(i’j’k) = Ez(i’j’k) =0, for alli, j, k,
then:
n+l n+l n+l n+l n+l n+l
Extiik “Exti-1ik | Byl "Byt | EainEaiikn _ g (3.3.7)
AX Ay Az e
for all time-stepsn. It is immediately recognized that (3.3.7) is actually timéeft

difference equivalent of the divergence equation (3.2.5c) in freeesp@ similar

procedure can also be applied to the H field components, obtaining:

el

n+1

n+l

2 2 2 3 3 2
Hxitnin™Mxadn | yaianHyain | Hzien™Maiin _

1

n+=

(3.3.8)

AX

Ay

Az
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Finally, it should be pointed out that the Yee’'s FDTD schemeadsnseorder
accurate due to the center-difference operator employed for apptoyg the
differential operators. This means the truncation error foreheec difference scheme

is proportional to (sz,Ayz,Azz,Atz), the determination of the truncation error is

shown in Appendix 1. Before considering an actual computer implenoenttite next

section will address some special conditions encountered in PCB modeling.

3.4 Special Conditions

Perfect Electric Conductors

The boundary condition for a perfect electric conductor (PEC) reghieetngential E
field to be zero at the boundary. Within the computational domaicgm@tluctors must
then be located on the electric field component. A PEC is modelesktbpg the
tangential E field components to zero where PEC is located. xaorpde if there is a
PEC on one of the surface of Cubig,K) in Figure 3.3, the following E field

components will be zero at all time-steps:

E)T(i,j,k+1) = E)T(i,j+],k+l) = E;(i,j,k+l) = Eyr/](i+],j,k+l) =0 (3.4.1)

PEC surface

Cubeijk) //|

Figure 3.3— An example with PEC on the top surface of Cube (i,j,k).
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Dielectric-Dielectric Interface

The boundary condition for dielectric-dielectric interface requuestinuity of the
tangential E and H fields across the boundary. Assuming the modeh-isiagnetic,

u(x,y,z)=p,. Because of this the interface plane must always locatbeok field

component. The update equation for the corresponding E field will be lslight
modified, taking into accounts the different permittivity and condugtieft adjacent
cubes. The following shows the derivation of the update equation ,fdield
component which is surrounded by four different dielectric cubes. CoresidiErsed

loop C encircling E;‘(i’j,k) component. Loof consists of four pathg, S, S andS,.

Each path falls within a cube, I8 fall within Cube (i,j,k),S in Cube (i,j-1,k),Ss in
Cube (i,j-1,k-1) and, in Cube (i,j,k-1). This is shown in Figure 3.4 and Figure 3.5.

Path
Cube(i,j,k)

r

Cube(i,j-1,k)

N

Cube(i,j-1,k-1) Cube(i,j,k-1)

N

Interface plane

Figure 3.4— Four adjacent cubes with different permittivity and conductivity.
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3
My
; S
S A A,
n+l n+%
H 2 J,k)TI B ik TH 2(i,1,K)
*
4 A
% A3 A4 Sl
Az
>
53,0-31/1 Hn+% 84,0-4,/1
y(Ixek_l)
2y

Figure 3.5 — A closed loop C crossing four cubes with different permittiahd

conductivity.
Applying the integral form o%— % % along path C:
{H ij|+me|+jHEd|+j*wr—
c S
fl - oo Ile: % ¢ costuse s eoufas e flboFou)as

Using central-difference scheme for time and the procedureasimoil derivation of

(3.3.3b), this equation can be approximated as:
n+ n+l n+1 n+1
‘{Hya,zj,k) —H y(i?j,k_l)jAy{Hz(iﬁ,k) ~H 0,510 ]Azz

+ED -EN AVA
X(I §,K) TEx(L k) X(I i,K) " =x(iy k) yAZ
{U 1 & 2 At j Z

n+l n n+l n
+| g P B | o BxCin "Bk | ByAz
2 2 2 At 4

n+l n n+l n
+| o Elfx(i,j,|<)+Ex(i,j,k) +eg Ex(i,j,k)_Ex(i,j,k))AyAZ
2 At 4

n+l n n+l n
o FED Exii k)~ Exi i
+ oy EFX(I,J,k)Z X(i, j K) +& ><(|,J,k)At x(|,],k)]A):1AZ
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Upon rearranging the terms, the general update equation xfdirel@ component

surrounded by four different dielectric cubes is obtained:

1-on 8 (™ ™2 ™2 g™
Nt 26 |[gN 4 _ ¢ z(i,jk) " TzGi-1k) T Ty(Ghk) TG kD) (3.4.2a)
x(i, k) 1+@ x(i, j,k) 1+@ Ay Az
25' 25'
where:
£ = 51+€2;53+54 ando = 01+02203+04 (3.4.2b)

Similar procedure is applied tg Bnd E field components. In general we could modify
(3.3.4d)-(3.3.4f) to account for dielectric discontinuity by taking plkemittivity and
conductivity as the average of four adjacent cubes surrounding fiblel Eomponent.
Equation (3.4.2a)-(3.4.2b) automatically guarantees the continuity of nbentsal E
field component. Since there is no change in the permeability abegsterface, this
also ensures the continuity of H field components. A discontinuity rohgesility can
be handled in a similar manner with the interface coincide witlidthield component.
However it must be noted that the current structure of the saitatioes not allow
discontinuity of both permittivity and permeability to occur sitanéously (Hockanson
1994).

Terminating the Simulation Domain

A basic consideration with implementation of FDTD approach on compsitéhe
amount of data generated. Clearly, no computer can store an uthlamtaunt of data,
therefore the domain must be limited in size. The computationahidamust be large
enough to enclose the structure of interest, and a suitable boundaryoconditthe
outer perimeter of the domain must be used to simulate itastatteto infinity. If the
computational domain is extended sufficiently far beyond all sourcksaatterers, all
waves will be outgoing at the boundary. The boundary usually coincidbstive
tangential E fields. All E field components on the boundary are esqutess a function
of the field components within the computational domain. A suitablgndtated
boundary condition will absorb majority of the incident wave energy, altpwnly a
small amount to reflect back into the computational domain. This tygmwhdary
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condition is known as the Absorbing Boundary Condition (ABC). ABC alltves
researcher to simulate electromagnetic fields interactianinnbounded region on a
computer with finite memory. A survey of ABC techniques is carried ouhsixiy in
Taflove (1995). The second type of boundary condition deliberately reflectsidéinnc
wave energy back into the computational domain, thus limiting the aizthe
computational domain. A typical boundary condition of this type is B@ Boundary
condition, where on the boundary all the tangential E field componenpegretually

fixed as zero.

The theories and formulations of some highly effective ABC cafolbed in
Taflove (1995) and Kunz and Luebbers (1993). Here only the formulation norger
the ABC used in this thesis is discussed. The FDTD algonththis thesis uses a
combination of the Mur's ABC and the PEC boundary. Mur's ABC isfputard by
G. Mur in 1981 (Mur 1981), after the theoretical work by Engquist andla@.977).
Mur’s method relies on the fact that most of the electromagweties will be outgoing
at the boundary, as illustrated in Figure 3.6.

Region of interest o
| Majority of wave

will be travelling

Majority of wave in +v direction
will be travelling f y ' z
in -y direction. K

< L )| v

Majority of wave N -- < Majority of wave N

will be travelling \ will be travelling
in -z direction. in +x direction.

Figure 3.6 — Assumption of wave only propagates in one direction at a region

sufficiently far from all sources and scatterers.

In Cartesian coordinate system, the wave equation for E fiedh iisotropic,

homogeneous, source-free region is given by:
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(=]

T A L Y L =

C—12=,ue=s)% +55 +55 (3.4.3b)

In (3.4.3b),s,, S, ands, are parameters that depend on the propagation direction of the E

field. The linear partial differential operation of (3.4.3a) can be fa&tdrinto:

c? at? (3.4.4)

Essentially this means that the E field consists of superposifi@momponents that
travels along, y andz axes. Each operator in the bracket corresponds to one-way wave
propagation in either positive or negative direction along the threedim axes.
Consider the boundary at = 0 and assuming that there is only &d E field
components travelling towand= 0. Concentrating onyHield component initially, a

one-way wave equation travelling towardscan be written for £
0 _c O =
(a—y sy 2, =0 (3.4.5)

Making the substitutiors, = /C%— s2 -s2 in (3.4.5):
(2-1h-( PP a0
The radical can be approximated with Taylor expansion:

V1-x=1-%+ (higherorder terrs)

A first order approximation would result in:
9 19 -
(H_y EE)EX‘O (3.4.6)
To conform to the position of field components in the Yee Cell in Ei@ut, equation

(3.4.6) is discretized at time-snep% and space lattice poir{(t +%)Ax (j +%)Ay, kAz):

En+% En+% n+l n
x(i+%,j+l,k) x(i+%,j,k) 1 Ex(i+%,j+%,k)_Ex(i+%,j+%,k) =0
Ay c At
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Using averaging operation to estimate thec&mponents that do not coincide with the

spatial and temporal stepping fofi@d components:

n+1 n n+1 n
T +E 1. E -, tE 1.
x(|+%,]+l,k) x(|+%,]+lk) _ x(|+%,],k) x(|+%,1,k) —
2 2
n+l n+l n n 34 7)
1 1o BN BN (3.4.
Dy | X+304K) X430k Tx+5,04LK) x40k
cAt 2 2

Let they = 0 boundary correspondsijts 1, then (3.4.7) can be rearranged as:

n+l —E" 4 CA-AY | en+l —E"
x(i+3 1k) x(i+3,2k)  CAUAY { Tx(i+1,2)k) X(i+3 1k)

Upon renaming the spatial indexes of thefiEld component according to Figure 3.2,

the interpolation relation forgat the boundary of = 0 is obtained:

M-y (g (3.4.8)

n+1 _ n n
E Exi.2k) + atray Ex(,2k) ~ EXG;Lk))

x(1k) ~
For E field component ay = O boundary, we simply replace every occurrencexof E
with E;. Similar procedures can also be applied at the other boundariesollgotion
of update equations for all E field components at the remaining boundsiiey first

order Mur’s approach is shown below. We suppose that therg arg, andn, cubes

alongx, y andz axes respectively.

At x=0:
ntl  _gn cAt=Ax [ n+l _gn
Ey(lj,k) - Ey(2,j,k) +WA§(Ey(2,j,k) Ey(lj,k)) (3.4.9a)
o cAt-Ax [+l
BN b =Bl o + A (BN ) B0 o) (3.4.9b)
At x=n,Ax:
n+l —gn CAt=Ax [N+l _e=n
Ey(“xﬂwjrk) B EY(nx,j,k) " cat+Ax (Ey(nx,j,k) Ey(nx+1j,k)) (3.4.90)
n+l - gh CAt=Ax [N+l _=n
EZ(”x*’lj,k) a Ez(nx,j,k) T Atrax (Ez(nx,j,k) Ez(nx+:|,j,k)) (3.4.9d)
At y=0:
1 _ CAt-Ay 1
EQEIr;Lk) - EQG 2k F cAt+Ay (EQ(T,z,k) B EQ@ ;Lk)) (3.4.9¢e)

At y=nyAy:
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E%’lnyﬂk) - EQ(i:ny,k) +§:—;2§(E%,1ny,k) - E)T(i,ny+lk)j (3.4.91)
EQ(Jir,lny+lk) = Eg(i,ny,k) * ﬁfiﬁi(@(ﬁny,m - EQ(i,nyﬂ,k)j (3.4.99)
At z=0:

Exin = E2ii2) +%(E?(T,lj 2 ~Exi, ,-1)) (3.4.9h)
E%lj 9= EYii2 +%(E3(ﬁ 2~ ES(i,j;L)) (3.4.9i)
At z=n,Az:

EN e = Eniny * AR BN e~ Bl (3.4.9))
BV = Byt iy +%(E%,lj,nz+l) ~Eyi.iny ) (3.4.9K)

Equations (3.4.9a)-(3.4.9k) only provide zero reflections when the incident
numerical wave is normal to the boundary. At oblique angle of ingitleerte will be
some reflection back into the computational domain. An improved ABC bea

obtained by retaining higher order terms in the Taylor serbggsansion of

J1-(cs,)? - (cs,)? . A second order approximation to (3.4.5) is:

[2-(-5[s2+s2 )2 =0 (3.4.10)

However we do not know the value sf +s2, so further manipulation is necessary to

express it in terms of known values and operators. DifferergiéB.4.10) with respect

to time and dividing by:

{;i_%i%(sg +S§)i}Ex —0 (3.4.11)
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2 2 62 _ 62 02
s *Sz)at—zEX‘(a?+W Ex

Since a k wave propagating along-axis is assumed. Substituting this result in
(3.4.11), the second order boundary equation is obtained:
{lJL—%Q%+%Qi+%§ﬁEX= (3.4.12)

Again substituting the differential operators with finite-differenoperators and

interpolating the necessary components, it can be shown that at boyndaly

(corresponds to index= 1), the following update equation f(ErQG;Lk) resulted (Mur

1981).
ntl  _ _en-l cAt—Ay( n+1 n-1 ) 20y ( n n )
Exi 1k = "Bxa 2k T aamay Exi.2k)  Exa ik )T atay Exa2k) T Exik)
Ei+1200~2E%0 200 *Exim1240 , Exi+11090 2B 110 *Elim1119 (3.4.13)
+ 1 y(eat? 2 %G
2 CcAt+h

y Ex 2k+1)~2Ex( 2. *ExG 2.k-1) + Ex( ak+1) ~2ERq 1k Y EXG 1k-1)

v v

Physically (3.4.13) computes a weighted average of the surrounelidg &nd assigns
this value to the boundary component. Similar update equations can ‘Yeddern
tangential E field components at all six planar absorbing boundMies1981). For
the Mur's second order ABC, the necessary components are not availabke edge
where two absorbing boundaries meet. In this case the first ialés ABC update
equation has to be used for these E field components. In this theliarthdirst order
ABC is used for the following reasons:

1. Mur’s first order ABC can be applied to boundary with dielectrscahtinuities.
For boundary with dielectric discontinuity it is discovered that ihglieation of
Mur’s second order ABC will cause large spurious wave componentgeriazated
in the computational domain, which defeat the purpose of having an ABC w
better absorbing property. This is shown in Figure 3.%fer0 boundary with a

discontinuous dielectric alonggaxis. The reason for this is electromagnetic wave

travels at different velocity for dielectric with differengénmittivity. Mur’s second

order ABC assumes all associated E field components to havarsgarmittivity
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and velocityc, as can be seen in (3.4.13), which is not true when the boundary E
field component is sandwiched between two different dielectriisis results in
substantial error during the interpolation process, which then presagatk to the
computational domain.
Computationally Mur’s first order ABC is much easier to implement.

3. For many PCB modeling problems, the spurious reflection fronisMiust order
ABC is still acceptable as long as sufficient buffer cubes are alibcaiore will be
discussed on this in later chapter.

7
/ 7
/ 7 7 7
4
Application of Mur’s /S\ Different dielectric
second order ABC on \\
this E field component é.’, d 7
will result in large y
spurious wave. M’
X

Figure 3.7— Boundary E field component between two layers of different dielectrics.

As a final note on boundary condition, there are ABCs which arentae
superior than Mur’s approach. Most notably the Berenger's Pgridettched Layer
(PML) (Berenger 1994) and its variants. However this will noajyelied here due to
the complexity of implementation and also the PML formulation not work well

with discontinuous dielectric on the boundary.
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3.5 Other Considerations — Numerical Dispersion and Numerical Stabiijt

Numerical Dispersion

The numerical algorithm for Maxwell’'s curl equations as defibgd3.3.4a)-(3.3.4f)
causes dispersion of the simulated wave modes in the computationahdofar
instance in vacuum, the phase velocity of the numerical wave motles FDTD grid
can differ from vacuum speed of light. In fact the phase velotityeonumerical wave
modes is a function of wavelength, the direction of propagation and zéeofithe
cubes. This numerical dispersion can lead to nonphysical resufisasuaroadening
and ringing of single-pulse waveforms, imprecise cancelingufipfe scattered wave
and pseudorefraction. A detailed analysis of this numerical dispesspresented in
Chapter 5 of Taflove (1995) and thus will not be discussed here shbiwvn in Taflove
(1995) that to limit the amount of numerical dispersion, the edgescbf@ibe must be
at least ten times smaller than the shortest wavelengtécted to propagate in the
computational domain. Of course the numerical dispersion will be sgsoreeven
further if smaller cube size is maintained. However usingb size that is too small
will increase the number of cubes needed to fill the computationahidoamd hence

increase computational demand of the model. The rule-of-thumb of

Ax,Ay,Azs% (3.5.1)
where A, is the expected highest significant harmonics in the modeleguade for

most purposes.

Numerical Stability — The Courant-Friedrichs-Lewy Stability Crater

The numerical algorithm for Maxwell’s curl equations as defibgd3.3.4a)-(3.3.4f)
requires that the time incrememtt have a specific bound relative to the spatial
discretizationAx, Ay andAz. For a linear, isotropic, non-dispersive and homogeneous
dielectric with permittivitye and permeabilitys (the dielectric can have some losses in
the form of non-zero conductivity), the time increment has to obeys the following

bound, known as Courant-Freidrichs-Lewy (CFL) Stability Criterion.
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At < 1 c=_1 (3.5.2)

C\/1+ 141 N
AXZ

Ay2 E

The model will not be stable if (3.5.2) is not obeyed. The definitiorstalility of

Yee’s FDTD scheme is similar to Definition 2.2 of Chaptetr2an unstable model the

computed result for E and H field components will increase withiout Bs the

simulation progresses. This uncontrolled divergence of the fidice via due to an

artifact in the finite-difference method in general. The CFablity Criterion has

many limitations:

1. It does not account for discontinuity in dielectric.

2. It assumes infinite domain. The effect of boundary condition on istaisilnot
considered.

3. It only applies to linear dielectric and does not consider lumpedrland nonlinear
models to be included in the model later.

Nevertheless the CFL Stability Criterion is still very wsefFor model with a
few different dielectric, as a rule-of-thunshis taken as the largest value obtained from
the various dielectrics. Derivation of (3.5.2) can be carried ouguéom-Nuemann
Analysis. The details are shown in Appendix 2.

3.6 Implementation of the Basic FDTD Algorithm

With all the details taken care of, Figure 3.8 shows the 4firaensional model and the
convention for naming the cubes used in this thesis. Figure 3.9 thssthe basic flow
of implementing Yee’s FDTD scheme on a computer. In Chapter 4ousar
considerations such as including lumped elements and adding voltagessotodbe
model will be discussed. However the basic flow still retiessame form as adding
these components only changes the way the E field components are updated.
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Figure 3.8— The three-dimensional computational region for FDTD simulation.

* |nitialize all E and H field
components to 0.
* |nitialize all sources to 0.

v

¢ Compute new E field
component values at interior
¢ Compute new E field
component values at boundary.

v

Compute new H field
component values

Maximum No
Time-steps reached?

Yes

Figure 3.9— Basic flow for implementation of Yee FDTD scheme.
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