Appendix 3 - Finite-Difference Power Relation and V
Consider Figure A3.1, three lump elements coincide W), Eyjk and Eyjk in

Cube (i,j,k). The current density for each elemenlxi@,j,k), Jyi.ik) and J2(i,1.k) -

Ly
AX

(i,1.K)

Cube(i,j,k
Az ube(i,j,k)

Hyqiik

_E‘(i.i.k) ' | L
2(ij.k) ?{np element

Figure A3.1—- Lump elements coincide Wik, Eyqijkx) andEzg; k.

Hyijk

The numerical power dissipation density [0) at n+% time step for Cube (i,j,k) is

taken as:
n+l n+1 l n+; n+l
P(i,j,zk) = z (Ern(Jlrlj Kt Ern(l i, k))‘]r(| ik~ (EDJ) (EDJ)y 2 +(EDJ)2 2 (A3.1)
r=x,y,z

Consider the first term of (A3.1). Solving (6.2.1d) ﬂ){(l K-

_1 +1 +1 Al n+3 Ex(i,j k)
(EDJ) _E(EQ(i,j,k) + Ex | k){ (EQ(i,j,k) Exii.i. k)) WDXHx(i,’zj,k)}( At j

+1
— (i 1
__2( y JK)J((EQ(T,JK)) (EX(I i k)) ) ( X(I ik T Q(i,j,k){D Hx(| i, k)]

Now let us introduce three new notations:

" vil o = i ™2 A3.2
E"MxH = > Eri i *Hri 50 (A3.2)
(,j.K)  r=xy,z
H™2 mxED H'2 OxEgR A3.3
o z r(IJk) r(i,j.k) ( . )
(i,ik)  r=xy,z
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D[EEn+1XHn+§j =_[En+1man+§j +(H n+§DDXEn+1j (A3.4)
(i,.k) (i,.k) (i,.k)

In (A3.2)-(A3.4) the time-step is not critical, for instance weald replacen with n+1
without affecting the validity. Using (A3.2) and summing up theyxand z

components, (A3.1) can be written in a more compact form:

Er(i,j k) 1 2 2
Y —h ((Ern(T,j,k)) ‘(Ern(i,J,k)))

n+1 _q =Xy
~Piik =2 L et (A3.5)
—(E”*lumxH 2] —(E”DDXH 2]
(i, k) (i,j k)

1 1
Adding and subtractinéH "2 mx E”’Ll) and [H "2 mx E”j to the second

(i,j.k) @i,j,k)

and third terms on the right-hand side of (A3.5):

[E“+1DD><H”+5) =(H”+5me”+1j —D[éE“*ler”%) (A3.6a)
(i,.K) ,].k) ,].k)

1 1 1
[E”DDxH”*zj :(H“zme”j —D[ﬁE“mezj (A3.6b)
(i.5.6) (i,.K) i,.K)

Using (A3.3), (6.2.1a)-(6.2.1c), the first term on the right-hand sideA8f6a) and
(A3.6b) can be expanded as:

~(H g )2
[Hm% quE”ﬂJ - A +[H“+% me“ﬂ] (A3.7a)
- R el -
@i,j.k) r=x.y,z +(Hr(i,2j,k))2 (i,5.k)
n+l 2
+1 (Hyi ) -1
[Hn 2 DDXEnj ==Y % ) —(Hn 2 DDXE”](. " (A3.7b)
L1,

Finally substituting (A3.7a), (A3.7b), (A3.6a) and (A3.6b) into (A3.5), weaiobthe

desired expression for numerical power dissipation density at Cube(i,},k):
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1 +1 2 n+i 2 n+i 1
m{ = (gr“’”‘)(Ern<i,j,k)) *H(H GG ) j_m[H ZDDXEM).
r=x,y,z (I,j,k)_

n

_1
2 DDxE“j

2 -1 2
‘ﬁ[ 2 [fr(i,J,k)(EPa,j,k)) +H(H 63 ) j—AI(H

r=x,y,z

+%{DE€E”+1><H”+5J +DE€E”><H”+5J }
(.0 (.00

oo+l + n+
=- (i,j,zk)__{ > %(Ern(i,j,k)+Ern(i,j,k))‘Jr(i,2j,k)}

r=Xx,y,z

-
CLOT (az.8)

Equation (A3.8) only applies to a single Yee’s cell at index (i,j,dow we
determine the form for (A3.8) when sum up over all the cells. cdigd expand the
expression in the third braces on the left-hand side of (A3.8) (aB\g)-(A3.4). For

E and H field components at andn +% time steps:

1 1 1
DEEEannJrzj =DEEEann+2j +DE€Eann+2]
(i,5.k) @i,,k)x (.3.k)y

1
+DEEEann+2J )
(i,j.k)z

n n+% ) n n+%
a1 BaioPaia | By Pyain |,
Ay n+l AZ n+l
-E) L \HL.2 -E"  H. .2
x(i,j+1k) " " z(i,j.k) | x(i,j.k) "y, ik |
2 . n T
A Bvaio et | B |,
Az n+l AX n+l
-EN . H 2 -E" . H_.2 .
L y(IrJ!k+l) X(|1J7k)_ y(I!Jrk) Z(l—l,j,k)_
- o n I
| B Pyain |, | B Pxain
AXx 1 A 1
_ n n+§ _ n n+§ (A39)
| Baisnjio My | E26.00 P x6.-10 |
n, ny Ny 1
The total sum of) > > OE" xH n+2)(i,j’k) can be obtained by considering the sum
k=1j=1i=1

of each component. The details are not difficult but very tediowsll ihot be shown
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due to lack of space. For a three-dimensional model consistingngfi, cubes (see

Figure 3.1), it can be shown that:

n, Ny ny n n+l
kZZ_:Z HE"xH " 2)¢,jk =

n n+i _n n+i
o 2 Byneiio anin " EyainH a0
AX 1 1
k=1j=1 _gn 2 n M3
Eane1io Ty i T EzaibHyoin
) i n ek (A3.10)
L1 %z:“x Ez(l n +1,k)Hx(i,2ny,k) EzG,Lk)Hx(ZOk)
Ay
yk=1i=1 _gn H n+% +EN n+1
x(i,ny+Lk) " " z(i,ny,k) X(I;Lk) z( 0k)
n 3 _n n+l
o1 2 i Tyaing TG00
A—ZZ ) .
j=i=1 _gn o g™ o pn o ™2
y(i,j,n+1) " " x(i,j.n,) y(@,jD)" " x(,j,0)

Equation (A3.10) is also valid wheR" is replaced byE™*!. Finally by summing
equation (A3.8) for all the cubes in a 3D model, we obtain the notalerical power

relation:
1 12
n, Ny n, £e,i) (Efj k) 1
1222 3 " —At[Hn 2 DDxE”ﬂj
k=1j=1i=1 r=x,y,z +'U(Hr(|1k)) (i,j.K)
, .
n, Ny ny ‘Ef(ilj,k)(Ern(i,j,k)) _1
EPN) 1 o " mxe)
— = B n—= 2 -
k=1j=1i=1] r=x,y,z +'u(Hr(i2j k)) (i,j.k) (A3.11)

n, Ny ny 1 1
At n+l n+s n n+;
33 ademnm)  ofet) |
k=1j=1i=1 @i,j.k) @i,j.k)

n, Ny ny 1
— 1 n+3
—‘AtZZZ{ > (EI’n(TJ ot rn(i,j,k))‘]r(l ] k)}
k=1j=1li=1|r=x,yz

It is understood that (A3.10) will be used to expand the third ternmemheft-
hand side of (A3.11). Equation (A3.11) is the finite-difference Poyntingepostation
for a three-dimensional FDTD model with the update equations for EHahelds
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fulfilling the canonical form of (6.2.1a)-(6.2.1f). Both (A3.10) and (A3.afg still
formidable to apply. It will be applied to a model with PEC boundamfaces as
shown in Figure 6.1. All the following E field components on the boundailebe

zero regardless of time-stap
n n n n
ExG,:Lk)’Ex(i,nyH,k)’Ex(i,j,l) EX(I j,n, +1) =0

n n n n —
Eya ik Eying+1ik0 By 10 By, in,+1 =0

n n n n _
Ezwik Ban+1 k) B2k Ezging +1k) =0

Substituting these components into (A3.10), we observe that:

n, X +4 1
ZZZ{ EﬁE”J’l 2} +DE€E”><Hn+2j }zo (A3.12)
k=1j=1=1 @i,i,k) (i,i.k)

Thus putting (A3.12) into the numerical power relation (A3.11) yields:

n, Ny ny &0 (B i)

z 1
135y ¥ " —At[Hn DDxE”*lj
k=1j=1i=1 r=x,y,z +/,[(Hr(| i k)) (@i,j.k)
, -
n, Ny n, &6, (Erj k) 1
—3222 . —At(Hn 2 DDXEnJ (A3.13)
k=1j=1i=1| r=x,y,z +'u(Hr(i,2j,k))2 (i,j,k)

k=1j=1li=1|r=x,yz

=-At & ny & l(En"'l + En )J n+%
=-0y > >0 2 3 E ik Bk PriiK

We observe that the left-hand side of (A3.13) consists of two exqmessi similar

form. The former expression contains E and H field componentsastepn+1 and

n+%. The latter expression contains E and H field components atsteper and

n—=. Multiplying left and right-hand side witdV and calling the first expression on

N~

the left V'*! and the second expressiofi, YA3.13) can then be written in a compact

form:

VALCRRVALEY s ¥ (A1.14)
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By expanding V using the definitions of (A3.3) and (6.2.1g), we see tHais\similar
to the definition in (6.2.2a) arfé}; is as given in (6.2.2b). This proves Lemma 6.1.

The following steps will derive the positive definite critewa ¥". Consider the

expanded expression fof'VvV

e (ED 2, Hn—% 2
2 Eik (Bl ) HHH R )

r=x,y,z

n-1

x(i,j.k)

b (Eg(i [+1K) Eg(i,j,k))

_ n
b (Ey(u i)~ vk

~H

n, ny Ny

_ay
Z_lljzl.z _yd {bz(Ex(i k1) ~ Exg, j,k))

- (A3.15)

~b (EZ(|+1,J k) Q(i,j,k) )

by (Ey(i+Lj,k) B Ey(i,J,k))

z(i,j k)
-b (EQO i+10) ~ B /|

~H

Where b, =&, by = At andb, =& . We could see that (A3.15) isqaadratic form

with the E and H field components constituting the variables. A qu@drepression

can be written in matrix form (James 1993, Ortega 1987), for example:

2 2 -3x

— o2 2 2 — T
f(Xl,Xz,X3)—2X1 + X5 +3X3 +4X1X2—6X1X3+11X2X3—[X1 X2 X3] 1 1—21 Xo
-3 4 3 x

The square matrix is symmetry. WHhigry,%;,%s) is positive definitef > 0 whenx,, o,

x3 # 0 andf(0,0,0)= 0. To show thafi(x1,x,Xs) is positive definite, one can analyze the
eigenvalues of the square matrix. Only when all the eigenvateegr@ater than 0 is
f(x1,%,%3) positive definite (James 1994). Another approach is to applgivester’s
Criteria (James 1994). Sylvester’s Criteria states dlahe principal minors of the
square matrix must be larger than 0f{eg, X, %) to be positive definite. By examining

the principal minors of the matrix:
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2 2 -
P1:|2|=2,P2=‘§ i‘:—z,P?,: 2 1 1Y)=-1415

-3 1 3

Not all principal minors are positive, so this quadratic fornmas positive definite.
Both approaches are extremely difficult to apply directlgqaation (A3.15) due to the
large number of variables. The square matrix will be extreraedyeland computing its
eigenvalues or principal minors will require huge computing efféuirthermore this
brute force approach is not practical, as we have to recompute gitrevaiues or

principal minors every time we change the configuration of the model.

Therefore we seek an alternative method. We consider bre&larmrgght-hand
side of (A3.15) into smaller groups consisting of a few variablety @ach group
ideally also of quadratic form. Using Sylvester’s Criteria, cioml for each group to
be positive definite are derived and by combining the conditions frorgrailp, a
general criterion can be obtained. This criterion is genertiat if Ax, 4y, 4z, &, &
and i of each cube fulfill the general criteria, the functioh an the whole will be
positive definite. The basis of choosing the group is that we wdwddthie positive
definite criteria to hold when there is variation of permittiiy effective permittivity)
&ijx across the model. Suppose we just pay particular attention teubes, which

are adjacent to each other, as shown in Figure A3.2.
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Figure A3.2 - Four adjacent cubes.
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For simplicity we assume the model to be non-magnetig) = 1 = (4 and all
cells to be similar in size. Expanding (A3.15) and just concentratmghe stored

energy in the four cubes of Figure A3.2:

_ 2 -3 2
Vn—%{ """ + Z (fr(i,j,k)(Ern(i,j’k)) +4B}Tﬂ(Hr(i,2j,k))j

r=x,y,z
n—l
~Hyi 0ty (Eg(i,jﬂ,k) ~EZiik )‘ bZ(ES(i,j,kﬂ) ~Eyiik )]
1™ o, (D e )by fED ~E7 )]
y(i,j,K) L7Z\=x(, j k+1) x(i, k) X\=z(i+1, j k) z(i,j k)
“H™2 b (E” -E" )—b (E” ~E" )]
z(i,j,K) X\ y(i+1,j k) y(i,j.k) Y\=x(i, j+1k) x(i,j,K)

2 -3 2
> {Ef(i—lj,k)(Ern(i—lj,k)) +4D}Tﬂ(Hr(i—2Lj,k))]
r=x,y,z
n—l
—HyiZ1j 0oy (Eg(i—ljﬂ,k) ~EJi1ik )‘ b, (Eg(i—lj,kﬂ) ~EJi-1i k) )]
—Hn_.%. b(E”. . -EN )—b(E”.. -gEN )]
y(i=1j.k) L"2\=x(i-1,j,k+1) x(i-1,j,k) X\=z(i,j k) z(i-1,j.k)
n_l

~H 2 [Px (ES(i,j,k) B E'Q(i—u,k))‘ by (EQ(i—Lmk) ~EXi4ik )]

2 -3 \2
DY [Ef(i,J,k—l)(Ern(i,j,k—l)) +4D}Tﬂ(Hr(i,2j,k—1))j

r=x,y,z

n-1

-H x(i,ﬁ,k—l) by(Eg(i,jﬂ,k—l) - Eg(i,j,k—l) )' bZ(ES(i,j,k) - E;(i,j,k—l) )]

n—l
~H % k-1 bZ(EQ(i,j,k) — Exi.j k1) )‘ bX(EQ(HJ,j,k—l) ~ B k1) )]
-1
~H 5 k-1 [x (Eg(m, i k=) ~ Eyii.j k) )‘ by (EQ(i, i+1k-1) ~ Exi.j k-1 )]
2 -3 2
D) {5r(i,1—lk)(Ern(i,j—1,k)) AL 5) j (A3.16)
r:X,y,Z

n-1

~HyiG-1k0 [Py (Eg(i,j,k) ~E.j-1k) )‘ b, (Eg(i,j—l,kﬂ) ~EJi.i-10 )]

n-1
~Hyai- Pz (EQ(i,j—lkﬂ) ~ B, j-1k) )‘ by (E?(im—z,k) ~EZ,j-1k )]
Rz (E” —ED )—b (E” —ED )]
26,j-1k) Px Byt -1k ~ By j-10) )Py Exii i ~ Ex.j-1k)
R }
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-1
In (A3.16), the justification for writing the H componentsAsE'lr;‘r;1(Hrn(i ,Zj,k))z, (r=x,Y,

z) is because each H component is surrounded or ‘shared’ by four Btheld

components, as seen in Figure A3.2. Also we want each group to aenied an E

field component. So the H field component has to be divided into four pacts part

is associated with an adjacent E field. Collecting and regrodpagerms in (A3.16)

aroundExg, k", Eygjk’ Ezik -

Vn SN +
En 2+1 Hn_% 2+l Hn_% 2
Ex(i, 1.0 (Bxi i)™ F 2 HH 65107 + 3 4(H g% k)

AV UEIRY: -3 2
G aHH )"+ 5 (HH 55 )

2.1, \2.1,,m™3 42
5y(i,J,k)(E3(i,j,k)) g HMH 500" g HH G k)

AVl y"2 3241 2 2
St HH 5 00) T T H(H a5 0)

2 -3 2 -2 |2
E26,10) (g 1)+ 2 H(H %100 + 7 H(H 31k

AV ), 1 "3 \2 .1 3 2
o g HH 7 0T g HH )

=

n-1

n n-2 n-3 n-1 n-%
T Exik Pz My ~Hyaikn | 7Py Haaie ~Haz-1k

n n-3 n-3 n—-3 n—-3
*Eyi.ik bX(H 26k ~H Z(i-Lj,k)] - bZ[Hx(i,J,k) - HX(i,J,k-l)]

TN T TR SR R I VL STy
26,54 2| Pxib ™ xi-ak | 7% Fyain ~Hymik

)

H (A3.17)

In writing (A3.17) some irrelevant terms from (A3.16) have beenuebecl. Each

expression in the braces is a group. Call the first grdlgpsince its associated E field

is alongx-axis,sis an integer enumerating the E field index (i,j,k). Proceedimgdup

according to all E fields in the model, (A3.17) can be written as:

v =AV(Zans+ZVnys+ansz ,$=123,--
s s s
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By showing that each Y, V'\s, V" is positive definite, then Vis also positive
definite. Suppose we consider one of the groups centering contponent. Writing
this as:

Vo, =eEy® + 3 pHg? + 1 i ? + 157 + 1 41,2
+ El[by(H3 —Hyp)=by(H, - H4)]

—1lp. -1p 1p. 1ip.|
15 1zby 20 3Py b,
=[El Hy Hy Hs H4] —5bx 0 aH 0 0 | Hy
b, 0o 0 iy o |Hs
H
Zby 0 0 0 %,u_— 4

- T A%
Equation (A3.19) is only applicable for interior cells, i.e. when ¢k# is not a

boundary cell. In general to include boundary cells, the mgtrbhould be generalized

as:
[ _1 _1 1 1p |
£ T3by Tab 2by 3
LY a’u 0 0 0
A=|-ib, 0 &’u 0 0 (A3.20)
Zby 0 au O
| ib, 0 0 afu

gd-L 1 1= ici :
Where g D{ﬁ’@’ﬁ} ,i =1234. The coefficienty assumes these values because at

the boundary cell a H field component is surrounded by two to three E field components

only. This condition is illustrated in Figure A3.3.
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PEC on all

These E componer boundaries _ _
E re zero 7 This E component is
7 - zero
— :
[}
| I — <
[}
| [}
A A ;
: / E
? H E /
| , H
i [}
] [}
/J_____ = —————— |
7 ‘E_ . -
el Surface Boundary 7 E
Corner Boundary .

Figure A3.3— H field components at surface boundary and corner boundary.

For V, to be positive definite, the matrid of (A3.20) must fulfils the
Sylvester’s Criterion for positive definiteness. There are fivecgah minors B, P ...,
Ps. We begin by computing the principal minorsaPd insisting that it is greater than
zero, then repeating this for the other principal minors. It pdialy assumed that >
0.

P=¢>0 = £>0 (A3.21a)
P € _%by 2 lb 2 0 1 b 2
= —aq UE — = > = UE >
i - 3by a° HE TS 8 (ca)
Using by, —At andc=-L = At<——1 (A3.21Db)
Jue o[ 1
(2ay)
_1 _1
£ by —5by
P;=|-1b, alu 0 |=(yqaou)?e- £ (agby )? %(azb ) 0
_%bx 0 a22,U
2 2
by by 1
:>,ug>(2—azj +(Ej = At< (A3.21c)
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_1p  _1p 1
£ 20y =3bc 3by _1p g2
2 y
~gby a0 0 1+4(1 : e 2 4+4 2
=10, a2y 0 =(-1) (Eby -3be 0 azu+(-1)*tagurs >0
2 ; 2 by 0 0
Eby 0 asu

= At< 1
[ 1 1
(o +
(2a,0%)? oy 2 ,
2 Ay
a12_'_a32
_1 _1 1 1
& Ezby be Eby be
-4b, afg 0O 0 O
P=[-3by O ajy 0 0=
i, 0 0 afu O
ib, 0 0 0 aZy
-1p, afy 0 O
2Ny U
1+5(1 -3b, 0 aju 0 545 _2
(-2 by 1h 0 o0 a2 + (-1 agur, >0
2Ny 3H
by 0 0 O
2 2 2 2
by by by by
= o>z ) +(2) +(Ej +[2—]
1

Ay2

c 2
2858y | a2 2333
#edi ) \ateas

(A3.21d)

(A3.21e)

From (A3.21a) to (A3.21e), we see that 0, £ > 0 and4t needs to be smaller than a
certain limit. The smallest limit from (A3.21b) to (A3.21e) fdir @mbination ofay,

a», a3 anday will be taken as the constraint fdt. Table A3.1 shows the values for the

coefficient ofAx anddy for different combinations da, ap, az andaa.
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a; ora, az Oray 23,8, or 2a,a, a,i=1,2,3,4 | 25
JaZ+ai — JaZ+al
1//4 1//4 1/+/2 00.70711 1//4 2/4=1
1//4 1/4/3 2/4/7 00.75593 1/4/3 2/4/3 0115470
1//4 1/+/2 2/+/6 00.81650 /42 2/+/2 0141421
1/4/3 1//3 2/+/6 00.81650
1/+/3 1/+/2 2/+/5 0089443
/42 /42 1

Table A3.1— Computation of coefficient fafix anddy.

Consider the expression; ! = 1
\/ Lo+ Lo a1V, a( 1
(caxf  (cny) ) 2oy

The smallest value is obtained when the denominator is maximuix dhd dy are

fixed, thenc; andc, must be as small as possible. Using Table A3.1, we observe that:

1 1
>
1 1 4, 1
(2a8yf  \(2a8x)  (2a8y)f
1 S 1 (A3.22)
1 . 1 1 + 1
(2a2Ax)2 2 2 2 2
[ alaSAy] 2ay8,AX [ alaaﬂy]
,¢a1+a3 a%"’a;% ,la1+a3
2ajag 233y
Also from Table A3.1, we observe th are smallest when
a’+a2 \/az +a2
aj=az=a,=a =% The corresponding coefficients fAx and Ay are % We

conclude that it satisfies:
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At < ! ! c=—1_ (A3.23a)

C\/ 12 + l2 C\/_ A 2 \/E
2 2 y
(&) (&)
Then all conditions of (A3.21b) to (A3.21e) will be fulfilled and Will be positive

definite. This procedure can also be applied faM |, whose details would not be

provided:
For Ve At< ! For \i: At< 1 (A3.23b)
2 L+ L cV2 L+ 1
N A7 NG

Equations (A3.23a) and (A3.23b) apply to a single cell. To ensure tlgabaps Vs,

Vs and Vs s0{123--} in the 3D model are positive definite, these need to be

enforced for every cell. This requirement can be summarized as follows:

For a 3D FDTD model according to Yee’s formulation, suppose the followings apply:

1. Update equations for E and H field components are given by the Cdriebida
Form (6.2.1a) to (6.2.1f).

2. Boundaries of the model are perfect electric conductor (PEC).

3. All cubes are similar in size with edgés 4y and4z.
Then for alli 0{12--+,ny}, j 012+, ny f,k 0{12,---,n,}, AV =AxayAz, the function:

=li=1] r=x,y,z

, Ty Ny n-1 n-1
" :%kZlZZ{ > (‘gr(i,i,k)(Ern(i,j,k))z +'U(Hr(i,2j,k))2j_At(H ? DDxE”J(_ _k)]
=) i,

is positive definite if and only if:

. £X(i,j,k) > O’Ey(i,j,k) > Oigz(i,j,k) >0 andp>0.

. 1
e Fore= mm{ex(i’j’k),ay(i,j,k),£Z(i’j’k)} and Cm=—7—, let:

Tz

At <min

Ay

This proves Lemma 6.2.
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Appendix 4 - Stability for Three-Dimensional FDTD Model
We now prove Theorem 6.3. Suppose a FDTD framewaitikfies all the conditions of

Lemma 6.1 and 6.2. Since€'\é positive definite, it can be written in the rfar
v'=XTPX , XORM (A4.1)

where X is given by (6.2.5a) an#l is as given by (6.2.5b) an@ is a square
symmetric matrix of orderM. SuperscriptT represents matrix transposition.

Introducing the linear transformatiox =QV:
n_oT(3 5a
v'=YTIQ PQY (A4.2)

T__
The matrix transformationQ PQ of (A4.2) is a special form of Similarity

Transformation known as Congruence Transformatiamega 1987). Since matrir

is positive definite, from linear algebra we knomatt a nonsingular matri)ﬁ:g exists

such that (Ortega 1987, chapter 3):

o (=T==\_ =T=
Thus VnzYT(Q PQJYzY Y=yZ+ys+yE ety (A4.3)

_ =-1_
Taking an arbitrary norm for =Q X:

<

— =1
Fl-fe 'x

6‘1Hu>zu (Aa.4)

Where |Q

is a finite positive value called the matrix or operator nosndefined in

(Ortega 1987, chapter 2). We thus have the following implication from (A4.4):
V] = e = X[ - e (A4.5)

Observe that from (A4.3)y"=XTPX=YTY is radially unbounded (Khalil 1996,

chapter 3) in relation to elements ¥f. This means that if Yapproaches infinity, at
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least one of the elements ¥f must also approaches infinity. Suppose we usé.the
vector norm:

_ 1 _ 1

HX“:(X%+X%+...+X'%| )2 and HYH:(y12+y%++y|%/l )2 (A46)

Using (A4.5) we note that s also radially unbounded in relation to elements<af

This implies that if V is bounded, all the elementsXnmust also be finite, i.e. all the E
and H field components are finite. Fof ¥ be bounded for n =1, 2, 3, ..., a sufficient

condition isPy4 be negative or zero. This completes the proof.

175



Appendix 5 — Negative Region For Resistive Voltage Source
We first note from Piket-May 1994 that to derive equation (6.4.1) theerduof a

resistive voltage source is:

el
ED + E”+1)+Vs : (A5.1)

From OxH = J+g%‘tE and using center difference scheme according to Yee’s

formulation, concentrating on z component of E fieldi gk) (assuming the source to
coincide with EZ(i,j,k) ):

n+1

n+ 102 “a
UxHohm = aay + At(Eg(ljk) Eg(i,j,k)) (A5.2)

+1
Let Vn 2 pe a constant, called Y5, and limiting the maximum source current to

|S(max)=%. Let us also introduce the notations=E}; ., x"'=EJ% .,
n+1 Vso :
y=0x HZ(I 0 VA Then from (A5.2):
+1
o n+l n aig 2 AA S0 —
O Hz(| j.K) (EZ(I j.Kk) EZ(I j k)) elxly 22£AxA§/Az B\%_ZDZV
= y<2Epu+ L (x”+1 _X) (A5.3)

where D, = Zééﬁ)fAy Substituting (6.4.1) fox™ = E;‘(’I’lj o into inequality (A5.3),

and performing some algebra:

v <5 Do+ b (4 y -2, (x+v)
= y<%(Dzv—x) (A5.4)

The intersection of region described by (A5.4) and regiaof Figure 6.7 is shown in
Figure A5.1. We call this regio@. From Figure A5.1, we notice that in order for the

resistive voltage source to be continuously supplying energiietaniodel, the new

value for x™ EQ(TlJ K) must be greater thanv. Otherwise there is no chance the

elemental dissipation can be negative. Thus enforcing this requirement from (6.4.1)
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11D, ) At 2Dz >y

X" =%, X eup,) Y T 14D,

= y>-£(1-D,)(x+v) (A5.5)

1
(A5.4), (A5.5) andD"" 2(x,y,v)<0 corresponds to the (6.4.4a)-(6.4.4c). Using these
inequalities, the region of Figure 6.8A can be generatedfor1. Inequality (A5.5)

will degenerate toy=0 when D, >1, allowing us to generate Figure 6.8B.

7z
7z

>
<

s
’
P
z

e

\ y:if(DZV_X)

ENNANA N

1
Figure A5.1— Intersection ob "2 (x, y,v)<0 and y<2£(D,v-x)
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