Appendix 2 — Courant-Friedrichs-Lewy Stability Criterion
Much like the differential form of Maxwell’s equation (3.2.5a)-(3.2.5d, s@uld also
decouple the update equations for E and H field components as giveh3bia)-

(3.3.4d). This will be shown for Hield component. Assuming the conductiviiyto

be zero. Applying backward-difference operatoy-axis (Jy ) to (3.3.4a):
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Applying backward-difference operatonaaxis (Jy ) to (3.3.4b):
el il el -l
2 — 2 2 — 2
Hyado Hyasin _ HyaioHyacin
AtAX AAX
(€20 €k HET Bl ) B -2ED o #E (A2.2)
2| Bk "B ke F\EXGL 0 TBxG-1i 0 ) Baiv ik 2Bz, k) P21 k)
M AxAz AX?

And finally applying backward-difference operator at time axjs)to (3.3.4f):
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Substituting (A2.1) and (A2.2) into (A2.3):
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The second term on the right-hand side of (A2.4) can be written as:
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Note that equation (3.3.7) is used to get the final expression abowaly putting this
result into (A2.4), the finite-difference wave equation for field component is

obtained.
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A similar procedure can be used to derive the finite-differenee wguation for Eand

Ey field components. The wave equations can be solved independently, muitte like
continuous case. It is not necessary to obtain the finite-differeace equation for H

field components, as the H field components can be determined from Y33314c)

once the E field components are known. Since (A2.5) and similar@uu&r E and

Ey field components are derived from the update equations, the two sets of equations are

equivalent.
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Discrete Fourier Transform (DFT) can be applied to theapadriables of the
E; field component. For three-dimensional space, the following trangbair can be
defined (Oppenheim 1989, Strikwerda 1989):
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In (A2.6a) and (A2.6b)p, g andr are the integers for space grid instead of the uspal
andk. This is to avoid confusion with the imaginary numbery/-1. The difference
between (A2.6a) and (A2.6b) with the DFT encountered in diggjalbsiprocessing are
the multipliers4x, 4y and 4z in the transform and inverse pairs. This is because in
signal processing, the samples are thought to space one unit agaiTD the sample

as spaceddx, 4y and 4z units apart in the space grid. We could look upon

EQ({X,fy,fz)ej(‘(prXJ“‘(quer‘(ZrAz) as one of the sinusoidal components &} .
Note that EQ({X,Ey,fz) can be a complex value. Since superposition principle is valid

for (A2.5), let us substituté?({X,Ey,fz)ej(‘rxx“tyyﬁtzz) into (A2.5). Upon eliminating

the common terms, this yields:
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Note that in (A2.8), the superscriptrepresents time-step and not poweb,, is a

sequence. Rearranging and using Euler’s identity in (A2.7) (Hockanson 1994):
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This can be written in a more compact form as:
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Notice that (A2.10) is just a linear second order differememton (James 1993, Allen

and Isaacson, 1998). A solution for (A2.10) is:
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In (A2.11)qg can be a real or complex value angkpresents power. Therefore,
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For the E to be bounded|g/<1. Otherwise as increasesé?({x,fy,fz) will

diverge and from (A2.6b) Efield components will also diverge. The rootsgofn
(A2.12b) must be such that:
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We observe thadt]| <1 if we require thak? -1<0. This can be expanded as:
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Equation (A2.14) can be rearranged as:
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The limiting value allowed for the time-step is obtained byrigtthe sine functions

take their maximum value of unity. The FDTD scheme will then be stable given:
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This proves the CFL Stability Criterion. Observe that from (AR.bacause of the

infinite samples required in the summation, it is implicitlysiased that the
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computational region to be infinite or the absorbing boundary condition ik idée

usage of Discrete Fourier Transform (DFT) in deriving tladilty condition for finite-

difference is the essence of the von Neumann approach. It cosltbtva that when
the conductivityo of the dielectric is not zero, similar criterion as in (A2.i6also

obtained (Pereda 1998).
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