Appendix A Concept of Partial Inductance

A.l Introduction
In using lumped circuit approximation to determine the inductance of a cmndictor
loop, care must be taken to ensure that the size of the condictor is small (<=0.2)
as compared to the minumin wavelength likely to encourter in the system. If the
size of the condctor loopis considerable with resped to shortest wavelength, we
could take two steps :
e Dividethe @mnductor into anumber of segments and
e Trea the @nduwtor with ground return as transmsson line with varying
charaderistic impedance a afunction d distance
Analysis of step ore adowve will yeild a lumped approximation for a conductor
loop. It involves the use of partial inductance @ncept. Genera inductance
definition involves a dosed loop current. Even when the cndtctor is not closed,
an imaginative dosed peth is assumed as in the cae of the inductance definition
for a two condwctors transmisson line system. This inductance definition is
generdly cdled loopinductance Partia inductance is defined as the inductance
of a single condwctor with resped to infinity as the reference for return current.
This concept can be gplied to condwctor with complex shape. It is beneficia to
considered the analysis of partial inductance @ this idea ca be generalized to
colledion d condwctors. A goodexample would be asocket or integrated circuit
padkage with a @lledion d pinsand bondwires. Results from partia inductance
anaysiswill aid in systematic generation d equivalent circuit for comporent with
a lots of ping/conredion such as integrated circuit socket, padkage and edge

conredors.

A.2 Analysisof Inductancein Multiconductor Environment
Generaly there ae two approaches at our disposal for defining lumped parameter
such as inductance We ould follow the field theory definition wsing Faraday’s

second law or the dternative through energy consideration. Such considerations
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are dso true for cgpadtance definition. Field theory approad stems largely from
the work of Ruehli 1972and it will be used to define partial inductancein Sedion
A.3. Definition d partia inductance in terms of energy consideration will be

givenin SedionA.4.

Loop inductanceis defined as the ratio of flux linkage to the total current
flowing in the dosed loop S (Figure A.1).

L L op :% (A.18)
Y=([Beds (A.1b
i
From Faraday’s ndlaw and Lenz’s Principle:
di
V. =-L— A.2
induced dt ( )

Surface S

FigureA.1 - Closed loopand surface

Upon weing Stoke' s theorem and equation (A.1b) :

Y=([Beds=([(TxA)ds=§fA-dl (A.39)
JfB-os=fflxnicey
where A the static magnetic vedor potential isgiven by :
_H g o JaV
A= o ﬂ/’f . (A.3b

Introducing the subscript notation, let J be the airrent density on conductor loopi
and W; be the flux link to conductor loopi due to current flowing in conductor
loopj. The aowve derivation is only valid for condwctor of infinitesimally small

cross ®dion. For a @ndwtor with finite aoss ®dion, the average vedor
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potential across the cross section of the conductor is considered. The voltage at
the end of a conductor is expected to be the average between the maximum
induced potential through the maximum loop size and the minimum induced
potential through the minimum loop size. This concept isillustrated in Figure A.2

and Figure A.3.

a= cross
section

average

1
A —;{[A.da

Figure A.2 - Dividing a conductor with finite cross section into strip elements.

Conductor i

Conductor j

Figure A.3 - A two loop system.

Hence the average flux linkage in loop i dueto current inloopj (I;) is:
a 1
l1UIJ(average) - <l1U ij > - ;fIAu e dl idai (A4)
i Ca
Combining equation (A.3b) and equation (A.4) :
_HHo g ey H
(W)= i fIE\J/’deVD dlda, (A-5)

i Cy
Assuming both loop i and loop j to have uniform cross section & and &, and

uniform uniform current density (consider static condition, J =( li/a )] ) :
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0 1.dadl U
w,) :%ﬂ[ﬂ%m dl,da, (A.-63)
i T Cjy i
CHH), O died D
<L:Uij> 4naiajj !Jgf " ‘E:Iaidaj (A.6b)

For infinitely thin wires, equation (A.6b) reduces to the well - known Neumann

formula:

popl B dledl, [
(wy)= ma Eff (A7)

A.3 Partial Inductance Definition Through Field Theory

In dividing large conductor loops are subdivided into cascaded discrete segments,
al segments that belongs to the same conductor are assumed to be of uniform
cross section (Figure A 4).

Divided into K
[ segments

<«—— DividedintoM
segments

Segmentation of conductor loops.

As shown in Figure A.4, a continuous loop is broken into finite number of
segments, each segment is represented by simple geometrical structure with
rectangular or circular cross sections. The mutual inductance between conductor

loop i and conductor loop j can be expressed as :
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1 °k “dl,
Z “ o S Qo day, ( g
=1 m~1 47-[ ak m a a .

From equation (A.8) the expression within the double summation operator is
called the partial mutual inductance between segment k and segment m of loop i

and loop j. For instance partial inductance between segment k and segment mis:

L :Eii_l cpdl e (A.9)
P A akmaali A

If © km is the angle between vector dlx and dl, in Figure A.4, then (A.8) can be

summarized as :

K M
— Z Skmkam (A.lOa)
Where :
a1, if 6, <
: m
Sen= —1,if 6, >E (A.10b)
Ho,ife, =0

When k =m, Ly« = Lpmm is called partial self inductance while Ly is called the
partial inductance between element k and element m. Note some interesting
implication out of the previous analysis, equations (A.3a ) and (A.3b) indicates
that magnetic vector potential A is aways parale to the direction of current flow

asshown in Figure A.5.

A

r e A

ov

Figure A.5 - Physical meaning of partial mutual inductance.
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W asco fA odl = J’A dI+J’A dI+J’A dI+IA o dl
BC

oo = [[B*dS= K[A  dl

ABCD

(A.11)

Since there is no contribution from magnetic vector potentia which is

perpendicular to side BC and CD. From equation (A.9):

Cic Cm
|_ - ,Llr,Llo . 1 Jidl m d d wABCD (AlZ)
ma am

tem) = 471 "a
k

From equation (A.12), it is obvious that partial mutual inductance between two
conductorsisthe ratio of flux linkage from one conductor to infinity to the current

in the other conductor.

A.4 Partial Inductance Definition Through Energy Consideration
It is known that for loop inductance, the energy stored in the magnetic field is

givenby :
L2 L rg.B*
W gnaic = 5 LI-= ZIJJ’JJ’B B *dv (A.13)

Consider equation (A.6b) again, the product of LI gives the total flux linkage of a

current loop. Hence from equation (A.3a):

1 1
wmgneﬁc_alng-m —EiA- Id

W = fA- J[les =3 J’HA « Jdv (A.14)

In equation (A.14) the volume V refers to the volume of the three dimensional
conductor loop. When more than one conductor loops are present, stored energy

due to magnetic flux from loop j toloopii is:

dl
aw il == (A.158)
dt dt
where W=L_11 (A.15b)

it

Following the same procedure as of above :
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W=, fA; «di=[[JdsfA «dl =[[[ A+ Jdv (A.15¢)
C s ‘

[, A+ 3 av ‘

Thus L :IJ—I (A.16a)
in

for mutual loop inductance between loops and :

R

L =~ | 2 (A.16b)

for self loop inductance from energy consideration. By dividing the loop of

interest into K segments, the general loop inductance formula becomes :

_ggﬁwdﬂv

"
. .1

it

(A.17)

If the source for the vector magnetic potential j is divided in M segments, then A,

can bewritten as :

A= % A, (A.18)

=1

Combining equations (A.17) and (A.18) into equation (A.16b) :

K MI.I[IAm.JkidV K M
S I (A.19)

Where the terms Lpm is the partial inductance between element k in loop i and

element minloopj.

A.5 Summary

Both equations (A.9) and (A.19) can be used to derived the partial inductance
expression for an array of complicated conductors. Partia inductances are
extremely useful when we need to describe the inductance of a portion of a
complete current loop. Its advantage is seen when we have a piece of conductor
and we do not know the actual flow of the return current to complete the current
loop. To ascertain the effect of the conductor, we would need to find the partial

self inductance of the conductor and the partial mutual inductances between tbe
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conductor and other conductors in the vicinity. The representation of conductors
using partial inductances is only valid when length of the conductor is much
shorter than the shortest wavelength encountered in the system, in other words
retardation effect can be neglected and the conductor can be tought of as alumped

element.
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